Finite Math - Spring 2017
Lecture Notes - 4/5/2017

HOMEWORK
e Section 4.4 - 55, 57, 58

e Section 4.5 - 19, 20, 25, 26, 29, 32, 33, 35, 39, 42, 45, 51, 55, 61, 64

SECTION 4.4 - MATRICES: BASIC OPERATIONS
Example 1. Find a, b, ¢, and d such that

6 —5 a b| | —16 64
0 3 cd| | 24 —6
Solution. If we multiply out the matrices on the left, we get the equation
6a —5c 6b—5d | | —16 64
3¢ 3d | 24 -6

And so we have the following two systems of equations

6a —bc = —16
3c = 24
and
6b—5d = 64
3d = —6

The augmented matrices for these two systems are

6 —51-16 ; 6 —5 64
0 31 24 o 0 3 1-6

Notice that these two systems have the same coefficient matrixz! In the first aug-
mented matriz, we are arming to solve for the variables a and ¢ which are the first

column of the matriz i Z , and in the second augmented matriz, we are solving

for the vartables b and d. Because of this, we can just stick the augmented matrices

together to form the new one

0 3124 —6
1

[6 _51—-16 64
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Then, as before, we aim to get a reduced form on the left side, and that will simul-
taneously solve both systems. That is, we are aiming for

1 0ia b
0 licd

So, let’s solve the system

| 6\66
0 324 —6 0 324 —6

6 -5 —16 64 | iR—R |1 —2, 16 64 | IR, R, | 1 _% 16 64
- 0
~ 0 1:8 —2
So, we get thata =4,b=9, c =8, and d = —2.
Example 2. Find a, b, ¢, and d such that

o) leal= Y

Ri+2Ry—R, [1 04 9 ]

Solution.

| —
o
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1
I
=
= §|01



SECTION 4.5 - INVERSE OF A SQUARE MATRIX
The Identity Matrix.

Example 3. Find the products

()'10"12 S 12 10
1o 1|34 ™ 13401
- 1 100
10][2 4 6 2 4 6
(b) ] and[ ] 010
(0 1][369 369 00 1
Solution.

(a)

1to]ft 2] [1+02+0] [1 2
01|34 |0+30+4| |34

1211 0] [1+40 042
3401|340 0+4

246] [2+04+06+0] [2 46
369 |0+30+60+9| [369

(24040 04+440 04+04+6| [2 46
1369

3+0+0 0+6+0 0+0+9

Definition 1 (Identity Matrix). The n x n identity matrix is a matriz, denoted
by I or I, which is an n X n matriz with 1’s on the primcipal diagonal and 0’s
everywhere else. For an m x n matrix M, we have

I,M =M = MI,.
From the above example, we have the two forms of the identity matrix

100
b=[é?] =010
001
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Inverse of a Square Matrix. It is only possible to find a multiplicative
inverse of a matrix if it is a square matrix. So, we now restrict ourselves to square
matrices.

Definition 2 (Inverse Matrix). If M is a square matriz of size n, and if there is a
matriz, denoted M1, such that

MM '=M1M=1,

we call M~ the inverse of M. If M does not have an inverse, then M is called a
singular matrix.

Example 4. Find the inverse of the matriz
2 3
M= [1 2] .
Solution. Since we’re looking for a matriz which satisfies MX = I,,, we can use

the trick from the previous section and just row reduce [M|A] to the form [I,]|X],
then check that XM = I,, as well.

2 3/1 O|ReoR, |1 2|0 1| R—2R—R, |1 210 1
1 2(0 1 ~ 2 3(1 0 ~ 0 —1/1 —2

—R2—>R2 1 2 0 1 R1—2R2—>R1 1 O 2 _3
~ 0 1/—-1 2 ~ 0 1/—-1 2

2 =3
-1 2

2 -3 23| | 4-3 6—6_10_[
~1 2 12| | —242 —3+4| |0 1] =
Thus we have that
1| 2 =3
M _[_1 2].

Example 5. Find the inverse of the matriz

1 2]
v-[12]

So we should have that M1 = [ ] . We need to check that M~ 1M = I.

Solution.

1 21 0] R—2r>R, [1 2] 1 0
2 410 1 ~ 00/—-21

Since there is only zeros in the bottom line of the left side, the matriz N does not
have an inverse.



Example 6. Find the inverse of the matriz

Solution.

1 2 —-3]0 0 7 12 -3/0 1 0
Re=8l=la | g 1 g |9 o _g | fetlla ) g g 9 9 _3
0 -1 -1/1 0 1 00 8 |—1 —2 —9
10 —2114 5 617, 10 -21]4 5 6 7
_ ~R;—R
Rl?ﬁﬁRl[()l 9 |—2 —2 _3 “’33[01 9 |—2 —2 _3
1 1 1
00 8 |—1 —2 —2 00 1 |-1 -1 -1
1oofd -1 3 100 -1 37
8 4 4 8 4 4
1 1 1 1
00 11=§ =1 =1 00 1/-g =3 —1|

Theorem 1. To find the inverse of an n x n matriz M, one begins with the aug-
mented matriz [M|1,] and uses row operations to transform it into |I| M~1].
However, if one or more rows of all 0’s appear on the left side of the augmented
matriz, M is not invertible, i.e., M~ does not ewist.

Example 7. Find the inverse of the following matrices (if possible):

(a)

(b)
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a b

Remark 1. There is a trick to invert a 2 X 2 matriz. If M = [ o d

)

] , then

—C a
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